Numerical solutions are given for MHD pipe flow under the influence of a transverse magnetic field when the outside medium is also electrically conducting. Convection-diffusion type MHD equations inside the pipe are coupled with the Laplace equation defined in the exterior region, and the continuity requirements for the induced magnetic fields are also coupled on the pipe wall. The dual reciprocity boundary element method (DRBEM) is applied directly to whole coupled equations with the coupled boundary conditions on the pipe wall. Discretization with the constant boundary elements is restricted only to the boundary of the pipe due to the regularity conditions at infinity. This results in considerably small discretized systems making the whole numerical procedure computationally efficient. Computations are carried for several values of Reynolds number Re, magnetic pressure Rh of the fluid, and magnetic Reynolds numbers Rm 1 and Rm 2 of the fluid and the outside medium, respectively.
Introduction.
MHD flow through pipes is of considerable practical interest having many applications in the design of the cooling systems with liquid metals for nuclear reactors, electromagnetic pumps, MHD generators, flow meters and blood flow measurements, etc. We consider MHD flow in a straight pipe of sufficient length in zdirection and circular cross-section. The fluid is flowing through the pipe due to an applied constant pressure gradient ∇P and is viscous, incompressible, electrically conducting with a certain magnetic permeability. An external magnetic field at infinity with an intensity B 0 is parallel to the y-axis. It determines the appearance within the fluid of an induced magnetic field (induced current). The wall of the pipe and outside medium are also electrically conducting having the same electrical conductivity and magnetic permeability, although small compared to the fluid magnetic permeability. The governing equations are the continuity and momentum equations for conducting fluid, and Maxwell equations for electromagnetic field through Ohm's law. The induced magnetic field in the exterior region satisfies the Laplace equation and it is connected to the induced magnetic field of the fluid inside the pipe through the continuity requirements on the pipe wall. These are [1]
with the no-slip condition on the pipe wall
and
where n and n are unit outward and inward normals on Γ, respectively. V (x, y), B(x, y) are the velocity and the induced magnetic field of the fluid in the pipe axis direction. B ext is the induced magnetic field of outside medium.
DRBEM Application
Equations (1)- (2) are written as
DRBEM approximates the right hand side functions [2] as
where α 1j , α 2j are sets of initially unknown coefficients, the f j 's are approximating functions in terms of radial distance r as f = 1 + r + r 2 + . . . + r n . N and L are the number of boundary nodes and interior points (pipe region). f j 's are related to particular solutionsû j 's with ∇ 2û j = f j . Then Equations (5)-(6) take the form
Multiplying (weighting) both sides of (9), (10) and (7) by the fundamental solution of Laplace equation (u = − 1 2π ln r) and integrating over the domain will give three domain integrals coupled through right hand sides. Green's second identity is applied to both sides in these equations for reducing domain integrals to boundary integrals as
where c i = θ i /2π with the internal angle θ i at the source point i.
The discretization of the boundary Γ of the pipe using constant elements results in matrix-vector equations
where the entries of the H and G matrices contain integrals of ∂u ∂n and u over each boundary element, and similarly H ext and G ext matrices are formed taking into account normal direction (n ) for the exterior region. The coordinate matrix F is formed from f = 1 + r 
(15) where
and N, L and M refer to boundary, interior of the pipe and exterior of the pipe points, respectively. The matrices
Numerical Results
Computations are carried with N = 64 boundary elements, L = 737 interior points (inside the pipe) and M = 640 outside points. Figure(1) shows continuation of inside and outside induced currents on the pipe wall for Rm 1 = Rm 2 = 1. When Rm 1 increases, both V and B of the fluid behave as if the pipe wall is insulated since the pipe wall and outside medium may be considered insulated compared to the fluid conductivity. For increasing values of Re = 1, 10, 100 velocity forms boundary layers, flow becomes stagnant and reaches its maximum velocity at the center of the pipe (Figure(2) ). Induced currents continue at the pipe wall, especially for high Re since there is no resistance on the pipe wall and it behaves as in the case of perfectly conducting pipe wall [3] . Figure (3 
